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Abstract—This article addresses the construction of kernelized
prototype-based models through sparsification methods. To this
end, it extends the algorithm proposed by [1], which employs
the ALD method for sparsification and the nearest neighbor
classifier based on the selected prototypes. Three additional
sparsification methods, namely coherence, novelty, and surprise,
are incorporated and compared to the ALD-based approach,
along with the use of the weighted K-nearest neighbors algorithm.
The results show improvements in the performance of the
original algorithm across various datasets, highlighting the strong
influence of the chosen sparsification method and kernel function
on the classifier’s accuracy rates and the number of selected
prototypes.

Index Terms—Prototype-based classifiers, sparsification, kernel
methods, K-nearest neighbors.

I. INTRODUCTION

Kernel-based methods have been introduced with the aim
of developing nonlinear versions of linear supervised or un-
supervised machine learning algorithms. The underlying idea
of these methods is to apply a kernel function x(-,-)
X x X — R to any pair of vectors (x;,x;) so that the
result can be interpreted as an inner product between two
vectors ¢(x;) and ¢(x;), where ¢ : X — F, and F is a
high-dimensional (possibly infinite dimensional) feature space
[2]: K(xi,x;) = ¢(x;)T p(x;). Since ¢(-) is usually unknown
in practical applications, inner products in the feature space
are computed through the kernel function without using the
feature vectors ¢(x;) and ¢(x;) directly. This property of
kernel methods is known as the kernel trick [3].

In the field of kernel adaptive filtering (KAF), kernel least
mean squares (KLMS) [4] and kernel recursive least squares
(KRLS) [5] are some examples of algorithms that benefit
from the kernel trick in order to create nonlinear versions of
classical algorithms. However, the principal bottleneck of this
class of kernelized algorithms is their growing structure with
each new sample. So, sparsification methods were developed
in order to control a model’s structure size by verifying if a
given sample is important or redundant to the existing model
(61, (71, (51, [8].

The process of kernelization has also been applied to
prototype-based algorithms, producing their kernelized ver-
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sions, such as the kernel self-organizing maps (KSOM) [9]
and the kernel learning vector quantization (KLVQ) [10]. It is
noteworthy, however, that the performance of these models,
when used for classification, is highly dependent on the
number of labeled prototypes. In scenarios where all the data
are available for offline processing, a set of prototypes can
be either optimally determined using evolutionary algorithms
[11] or be added/removed adaptively [12]. However, in most
applications, that number is set by trial and error or exhaustive
grid search.

Bearing this issue in mind and based on ideas from the
KAF field, a simple design scheme for building kernelized
prototype-based classifiers by means of the approximate linear
dependence (ALD) method was developed in [1]. In this
method, the built dictionary is used to classify new samples
using a kernelized nearest neighbors scheme. Unlike this pre-
vious work, in the current paper, it is proposed an alternative
approach that generalizes the ALD-based method by incor-
porating different sparsification procedures and by employing
the kernel-weighted K-nearest neighbors (KWKNN) algorithm
instead of the standard nearest neighbor method. A set of
experiments with benchmarking datasets confirm that using
other sparsification criteria and the KWKNN classifier can
enhance the model’s accuracy without compromising its size.

The remainder of this paper is organized as follows. In Sec-
tion II, the fundamentals of kernel prototype-based classifiers
are reviewed. In Section III, the sparsification methods are
discussed and their equations are shown. In Section IV, the
proposed approach is summarized. In Section V, the datasets
and methods used for the algorithm evaluation are detailed.
The simulation results are reported and discussed in Section
VI. The paper is concluded in Section VII.

II. KERNEL PROTOTYPE-BASED CLASSIFIERS

In the context of classification, which is a supervised
learning task, a data set is given as a set of tuples (samples)
{(Xn,cn) € RP x {1,...,C}}N_|, where x,, is the n-th input
feature vector, c,, is its associated class label, and C is the
finite and predefined number of classes (C' < N).

Depending on the problem, there are several ways to encode
class labels. In this paper, a column vector y, € RE*! is
built by means of the one-hot encoding scheme. As such,



the component of the output vector referring to the class to
which the input data belongs has the value +1, while the other
components have the value —1. In this sense, a data set is given
as a collection of input-output pairs {(x,,,y,,) € RP xRE}N_ .

In batch learning, the data set of N samples is previously
stored and can be divided into two disjoint subsets: the training
set (with [V, samples) and the test set (with N, samples). The
classifier model H is built from the training set, and the test
set is used to validate it. To analyze the classifiers in terms of
the generalization ability to unseen samples, the classification
batch error measure is given by
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where é, = H(x,) is the classifier’s output prediction, and
the loss function O(.,.) is either equal to 0, if ¢,, = é,, or 1,
otherwise.

Of great interest to this work, prototype-based algorithms
are also called competitive learning algorithms within the
field of artificial neural networks [13]. Models and algorithms
based on the principle of competitive learning include the
neural gas (NG) and its variants [14], the family of learning
vector quantization (LVQ) algorithms [15] and Kohonen’s self-
organizing maps (SOM) [16].

Competitive learning algorithms learn from data a mapping
from a continuous input space X onto a discrete set A of @
prototypes. The map ¢*(-) : X — A, defined by the set of
weight vectors W € {wy,ws,...,wg},wg € RP C X, as-
signs to each input vector x(¢) € R? C X a winning prototype
q*(t) € A, determined by a measure of (dis)similarity such as

¢ (t) = argmin [x(t) — wq (1), )
where || - ||2 denotes the Euclidean distance and ¢ symbolizes
a discrete time step associated with the iterations of the
algorithm. In order to develop nonlinear versions of these
prototype-based models, one can use the kernel trick. In this
regard, the search for the winning prototype, as originally
shown in Eq. (2), becomes

¢'(t) = argmin ¢ (x(t)) -

= argmin J,(x(¢)),
Vq

o(wy(t)l3, B

where J,(x(¢)) is a cost function. Using some linear algebra
and the kernel trick, this expression can be developed as

Ja(x(8)) = [lg(x(t)) = d(wq())]l3
= (B(x(1)) — d(wq ()" (B(x(2)) — $(wq(1)))
= ¢(x(t)) " P(x(t)) + ¢(wq(t) " d(wy(t))
— 20(x(1))" ¢(wq(1))
k(x(t),x(t)) 4 k(wq(t), wq(t))
— 2k(x(t), wq(t))- )
Different kernel functions will lead to different kernelized

selection of winning prototypes in Eq. (4). The kernel func-
tions used in this paper are shown in Table I. The Gaussian,

f‘\/—\

TABLE I
KERNEL FUNCTIONS USED IN THIS PAPER AND THEIR HYPERPARAMETERS
[ Kernel | Expression | Hyperparameters |
Linear k(u,v) =ulv -
RBF k(u,v) = exp “u VH ) 7 (scale parameter)
Cauchy | k(u,v)= (1 T L VHQ) ~ (scale parameter)
Log K (u,v) — log (1 + H" V ) ~ and [

Cauchy and Log kernel functions have hyperparameters whose
values affect directly the quality of the implemented nonlinear
mapping. Thus, fine-tuning of these hyperparameters is fairly
important to the success of the classification task.

After the training part of a prototype-based model (either
by selecting relevant prototypes from a dataset or updating
a pre-defined number of prototypes), the K-nearest neighbors
methods can be used for classification. These methods rep-
resent one of the simplest and most intuitive nonparametric
techniques in the field of statistical classification.

In its simplest version, considering just one neighbor, a
new observation inherits the same label as the closest sample
from a dictionary composed either of training samples or
prototypes. This method is also known as the nearest neighbor
classifier (NNC) or nearest prototype classifier (NPC) [13]. A
first extension of this idea is to use more than one neighbor,
resulting in the K -nearest neighbors (KNN) variant. In this
case, the K closest observations within the learning set are
used for the sake of classification [17]. The decision is in
favor of the most frequent class label among the ones in the
current set of K closest observations. The drawback of this
extension is that K is a hyperparameter that must be optimally
chosen before training, and different values of K for the same
sample can lead to different classification outputs.

More sophisticated methods can be derived from this major-
ity voting KNN strategy. The weighted KNN (WKNN) [18],
[17] is based on the idea that prototypes which are closer to
a new observation should get a higher weight in the class
prediction of this observation.

The first step of this method is to calculate the distances
d(-,-) € R of the new sample to the model’s prototypes.
Then, one must select the K + 1 nearest neighbors and
their distances from this sample. After that, these distances
have to be transformed, according to an arbitrary function,
into similarity measures which can be used as weights. This
arbitrary function must hold the following properties:

e f(d(-,-)) > 0 for all d(-,-)
o f(d(-,-)) gets its maximum for d(-,-) =0
e f(d(-,-)) decreases monotonically for d(-,-) — oo

The rectangular function (where all distances have the same
weight, turning the KNN into a special case of WKNN) and
the triangular function, which can be defined as

f(;-)) = 1=1d(, )l (5)



are some examples of functions that can be used for the trans-
formation.! One important step, before using the triangular
function, is to standardize the prototypes distances according
to the distance of the first neighbor (K + 1) that is not taken
into consideration when calculating the final prediction. This
standardization is done, for each of the K -nearest neighbors,
as follows:
d(x, wg)

d(x, Wi 1)’

(6)

d(x, wy) =

so that standardized distances always take values within the
interval [0,1]. The WKNN algorithm can be summarized by
the next steps:

1) Consider H = {(wq,¢q),q=1,...,Q} a model com-
posed by a set of prototypes w, and their labels ¢,
and x(t) a new observation whose class label has to be
predicted.

2) Find the K + 1 nearest neighbors {wj} "
according to a distance measure d(wg, x(t)).

3) Use the (K + 1)-th neighbor to standardize the K
smallest distances via Eq. (6).

4) Use an arbitrary function f(d(-,-)) to transform the
standardized distances into similarity measures.

5) As a prediction ¢,, for the observation’s class, choose the
class which shows the biggest similarity measure sum

to x(t)

K
én = max (;; F(d(wWi, %)) I(Cr, c)) NG

where the function I (¢, c) is either equal to 1, if ¢, = ¢,

or 0, otherwise.
Kernel methods can also be applied to the WKNN, giving
rise to the KWKNN [19]. In this strategy, the kernelized

squared Euclidean distance, specified at Eq. (4), can be used
as a distance, so that

d(wq, x(1)) = [[$(x(t)) — d(wq)l3
r(x(1), x(1)) + K(Wq, Wq) — 26(x(t), wq).  (8)

For the proposed approach of the current paper, the
KWKNN with the triangular function is used as classifier for
new incoming test samples. With this method, the model’s
prediction is computed as

K
_ e Y(Wa) - S(d(x(2), W)
= e .
2k FlA(x(2), W)
Similar to the one-hot encoding, one can simply get the highest

value in the output prediction vector to define the sample’s
class estimation.

y(®) )

In the next section, the sparsification procedures used to
build a dictionary by selecting relevant samples from a dataset
are detailed.

Ifor other examples, see [17].

III. SPARSIFICATION PROCEDURES

The training method of the proposed approach is based on
sparsification procedures for the construction of a dictionary
consisting of a subset from the training dataset. As these
procedures are normally used in the field of KAF (i.e., signal
processing), in this section we discuss how these procedures
can be adapted for kernel prototype-based classifiers building.

A. Approximate Linear Dependence Criterion

This procedure, proposed by [5], automatically selects a
subset of the training samples in order to construct a dictionary
Dy = {(ij,éj)}?:t?, whose size is determined by a
single scalar parameter. The samples (X;,¢;) in D;_; are
approximately linearly independent feature vectors.

Initially, the first training sample (x,c;) is added to the
dictionary. Then, at training time step ¢ (2 < t < Ny.),
after having observed ¢ — 1 training samples, the dictionary
D,_ is comprised of a relevant subset {(X;, Ej)}?:"f of these
samples. When a new incoming training sample (x,c;) is
available, one must test whether it should be added or not to
the dictionary. In order to do this, it is necessary to estimate
a vector of coefficients a = (a1, ...,amtfl)T satisfying the
ALD criterion

01 (t) < vy, (10)
where
] Qi 2
o) Cmin | 3 a0 %) —o(x)| . (D
j=1

and v is the sparsity level parameter (which is a hyperparam-
eter and should be optimized). Developing the minimization
problem in Eq. (11) and using the kernel trick, x(x;,x;) =
(p(x;), 9(x;)), one can write

Qt—1 Qt—1

O main{ 3 aiair(x %) —2 Y a;r(%;, xi)
i,j=1 j=1
+ K(Xtyxt)} (12)
or, using the matrix notation,
61(t) = min {an{t_la — 22Tk, (x,) + k:tt} L)

where K,;_; is a Qt—1 X Q¢—1 kernel matrix built using the
current dictionary. The (4, j)-th entry of this matrix is given by

[KH] = k(% %;), with 1,5 = 1,...,Q¢_1. The Qy_1-
dimensigr]lal vector l~<t_1 is defined as
Keoi(x0) = [R(xe %) oo R %) -
K(xe, %o, )] (14)

while ki = K (X¢,%¢). Solving Eq. (13) leads to the optimal
a;, which is given by

a =K, ki (x0), (15)
so that Eq. (11) can be rewritten as
S1(t) = ke — ko (x0)" & (16)



or

S1(t) = ke — k1 (x¢)T KL ke (%) - (17

If 61(t) > v1, then the sample (x¢, ¢;) must be added to the
dictionary; that is, Dy = Dy U{(X¢,¢:)} and Q¢ = Q¢—1+1.
However, if §1(t) < vy, the sample is approximately linearly
dependent and must not be added to the dictionary; that is,
Dy =Di—1 and Q; = Q1.

B. Coherence Criterion

The authors in [8] proposed a sparsification strategy that
employs a coherence parameter in order to control a model
order increase. They applied this strategy for nonlinear filtering
algorithms building in order to solve nonlinear dynamical
systems identification.

They define the coherence parameter 1/ as

wzr?%xhi(ii,ijﬂw,j €D (18)
where « is a unit-norm kernel. This parameter reflects the most
extreme correlations in a dictionary. Then, in time step ¢, they
suggest inserting a new sample (x¢,¢;) to a dictionary D;_q
if the coherence of the increased dictionary remains below a
given threshold v, namely

01(t) = max (19)

X, <
I R

where v1 € [0, 1] determines both the sparsity level and the
coherence of the dictionary. In summary, if §; < vy, then
the sample (x,c;) must be added to the dictionary; that is,
Dy = Di—q U {(x¢,¢)} and Q; = Q¢—1 + 1. However, if
d; > 11, the sample is extremely correlated to at least one of
the current samples and must not be added to the dictionary,
so that Dy = Dy and Q; = Q4_1.

It is important to mention that, to calculate the coherence
measure, one does not need to compute the kernel matrix.
Also, the computational complexity of this criterion is only
linear in the dictionary size. Finally, similarly to the ALD
criterion, it uses only the inputs in order to decide if a sample
must be added or not to the dictionary. The next two criteria
use both input and output of a sample in order to do this.

C. Novelty Criterion

The author in [7] created a model named resource-
allocating network (RAN), that allocates a new computational
unit whenever an unusual pattern is presented to the network.
This algorithm is used to predict complex time series, such
as the chaotic time series created by the Mackey-Glass delay-
difference equation. The RAN consists of a two-layer network,
and uses a double-check novelty condition. An input-output
pair (x:,y:) is considered novel if the input is far away
from existing centers (of the first layer), and if the difference
between the desired output and the network output (the second
layer output) is large. Here, these conditions were adapted, in
order to build sparse kernel prototype-based classifiers, in the
following manner.

Similarly to the other sparsification procedures, at time step
t, a new sample (xy,c;) is presented to the model, which is

composed by a dictionary D;_; = {(X;, éj)}?;l. However,
in order to be added to the dictionary, the new sample must
fulfill two conditions. Firstly, the input of this sample must
be far from the closest input of a prototype in the dictionary,

considering some (dis)similarity measure such as

1(t) = |[%5- — x5 > v, (20)

where v as a hyperparameter and X ;- is the closest prototype
in the dictionary to the input sample. Here, the kernelized
squared Euclidean measure

51(t) = |p(Xs+) — p(x0)ll3 > 11

= K(ij*7ij*) + ’i(xhxt) - 2"{(5&.7'*>xt) >n

@n

is used. The second condition is based on the difference
between the desired output and the predicted one.

Firstly, one must calculate the predicted output ¥, using any
KNN strategy. Then, if the difference between the real output
y: and the predicted output y; is greater than a hyperparameter
Vs, such as

2(t) = |yt — 9:l13 > va, (22)

the sample must be added to the dictionary.
This second condition can also be extended to classification
problems as follows: if the current model H; makes an error:

ét #Ctv

in other words, if the predicted class ¢; = arg maxy; differs
from the actual class ¢; = arg maxyy, the second condition
is satisfied and the sample must be added to the dictionary.

When comparing these two ways of applying the second
condition, it was observed that the error-based approach as
shown in Eq. (23) yields the best results. Therefore, this
approach is utilized for comparing the novelty with the other
sparsification criteria.

As a final remark, an important feature of the novelty
criterion is that, similarly to the coherence, one does not need
to compute a kernel matrix as in the ALD criterion.

(23)

D. Surprise Criterion

The authors in [6] introduced an information measure
approach, called Surprise, in order to determine useful data
to be learned and remove redundant ones. This criterion
captures the amount of information a datum contains which
is transferable to a learning system. The authors claim that
methods like ALD, Coherence and Novelty are effective in
practical applications, but are heuristic in nature. So, the
surprise information criterion provides a unifying view on
existing sparsification methods.

They define Surprise as the Negative Log Likelihood (NLL)
of an observation, given the learning machine’s hypothesis.
Also, this measure is computed based on the theory of Gaus-
sian Process Regression (GPR).

More formally, Surprise is a subjective information measure
of a sample (x¢,c;) with respect to a learning system H.
Denoted by Sg(x¢,c;), it is defined as the NLL of the



exemplar given the learning system’s hypothesis on the data
distribution

Su(X¢,ct) = —Inp(Xe, c¢|H), (24)

where p(x¢,c:|H) is the subjective probability of (xi,c:)
hypothesized by H. Applying this definition directly to the
active online learning problem, we have the surprise of (x;, ¢;)
to the current learning system H;_;, such as

Su,_, (X¢,¢t) = —Inp(xe, et |[Hi 1), (25)

where p(x¢, ci|Hy—1) is the posterior distribution of (xi,c;)
hypothesized by H;_;. For simplicity, they define S; =
SHt71 (Xt, Ct).

If p(x¢,ci|Hy—1) is very large, the new datum (x,c;) is
well expected by the learning system Hy_q. If p(x¢, ¢¢|Hi—1)
is small, the new datum “surprises” the learning system, which
means either the data contains something new for the system
to discover or it is suspicious. According to this measure, we
can classify the new exemplar into three categories:

e Redundant: S; < vq;

o Learnable: v; < 5; < vy

e Abnormal: S; > v,
where v; and vy are hyperparameters. The choice of these
thresholds are problem-dependent.

When developing this criterion with the GPR model, firstly,
[6] calculated the output prediction as

- - -1
g = kI | (x;) [CTZI + Kt—l] Yi—1,

where l~<t,1 and I~{t,1 were already defined for the ALD
criterion, afl is the variance of the noise contained in an
observation (here, we consider it a constant a% = 0.0001),
I is the identity matrix, and y;_; is a vector containing all the
prototypes outputs. Then, the authors calculate the prediction

variance as

(26)

~ ~ -1 _
or = 0% 4k — ko1 (x0)" [agu KH} ko1 (x). 27)

It is important to mention that, if the noise variance O‘TQL is

considered 0, Eq. (27) is equal to Eq. (17) of the ALD method.
Then, discarding constant terms, considering just one out-
put, and applying the definition of Surprise in Eq. (24), this
measure can be written as
(e — 91)*
202
Some observations were made. First, little surprise is ex-
pected when there is redundancy in the data. Second, the
proposed measure offers a general framework for redundancy
removal, anomaly detection, and knowledge discovery. Third,
the measure is proportional to both the magnitude of the
prediction error and the prediction variance (particularly when
the error is very small). Finally, the surprise measure becomes
large when the prediction error is high and the variance is low.
Here, for prototype-based models, this measure was adapted

St =1In ot + (28)

to 9
lly: _ytHQ

Sy =1
t n0t+ 20? )

(29)

where y; and y; are, respectively, the sample’s output and the
prototype-based model’s prediction, and o; is calculated using
Eq. 27.

IV. THE PROPOSED APPROACH

As mentioned before, the dictionary of prototypes can
be used as a standalone classifier by means of kernelized
distances, such as those introduced in Section II. For this
purpose, we follow the approaches suggested in [1], which
are reproduced below for the sake of completeness.

Design Method 1: This approach involves the construction of
a single dictionary. The first sample of the shuffled dataset will
be the first item of the dictionary. Then, for each new sample,
apply any of the aforementioned sparsification procedures.
Note that each prototype vector in D; carries its class label c;
for classification purposes.

Design Method 2: This approach requires the construction of
smaller class-conditional dictionaries which are merged later.
For a problem with C' classes, it is required C' dictionaries
ng), k = 1,2,...,C. For this purpose, whenever a data
sample (x;,y;) from the k-th class emerges, apply the Design
Method 1 to the dictionary Df@l. The model’s dictionary is
the union of all the C class-conditional dictionaries D; =
PV upPu...uD.

We named the algorithm that combines the sparsification-
based sample addition procedures and KWKNN classifica-
tion as SPARse Kernel KWKNN (SPARK-KWKNN). One
important feature of the training stage of this method is that
it requires only a single pass over the training data, which
contributes to its efficiency. In the next section, the datasets
are briefly presented and the training and evaluation of the
SPARK-KWKNN classifier are described.

V. DATASETS AND METHODS

The motor failure dataset [20] consists of 294 attribute
vectors, each one containing 6 harmonics of the fast Fourier
Transform from a line current measurement of a three-phase
induction motor. The samples are organized into 7 classes,
where 1 is for normal operation condition (42 samples) and
the other 6 correspond to short-circuit operation conditions
(252 samples). In [20], the best results were reached when the
problem was treated as a binary classification task and when
the classes were balanced (adding 210 synthetic samples of
normal condition to the dataset). So, the same methodology
was used here.

In the Vertebral Column dataset? [21], six biomechanical
attributes are derived from the shape and orientation of the
pelvis and lumbar spine of 310 patients. The patient’s condi-
tion was classified as Normal (100 samples), Disk Hernia (60
samples) or Spondylolisthesis (150 samples). This dataset can
be also treated as a binary classification task, classifying the
patient’s conditions being normal (100) or abnormal (210).

The Pap-smear (Cervical Cancer) dataset [22] consists of
917 images of Pap-smear cells classified by cyto-technicians

Zhttps://doi.org/10.24432/C5K89B



and doctors®. Each cell is described by 20 numerical features,
and the cells fall into 7 classes. Samples from 3 classes
originate from normal cells (totaling 242 samples) and samples
from the other 4 classes correspond to abnormal cells (totaling
675 samples). So, the classification problem for this dataset is
treated as a binary one in the current paper.

Finally, in the last dataset* [23], a wall-following robot
chooses between four actions (MoveForward, Slight-Right-
Turn, Sharp-Right-Turn, Slight-Left-Turn) as the robot nav-
igates a room following the wall, using 24 ultrasound sensors
arranged circularly around its body. The output of each ul-
trasound can be used as an attribute, or their outputs can be
merged in 4 or 2 attributes. Here, the 2 attributes configuration
is used.

In the experiments, for each evaluated dataset, we test 32
variants of the proposed algorithm, consisting of 4 differ-
ent sparsification procedures (ALD, coherence, novelty and
surprise), 2 design methods and 4 kernel functions (linear,
gaussian, cauchy and log). Also, 100 independent realizations
are executed. For each run, three steps are performed, namely:
(1) holdout (shuffling and partitioning the data between training
and test sets), (ii) training (hyperparameters optimization and
parameters update), (iii) performance testing. For the holdout
step, the data is randomly divided as follows: 70% for training
and the remaining 30% for testing purposes. At the end of the
testing phase, several statistical figures of merit for the perfor-
mance of each classifier are computed (such as accuracy, error
and Fl-score). A 5-fold cross-validation strategy is performed
in order to search the optimal values of the hyperparameters
v1 and v, those associated with each kernel function and K of
KWKNN. The figure of merit for evaluating the performances
of the algorithms while choosing the optimal hyperparameters
is given by

Jpg(D, Ep) = Ep + ADs, (30)
where Ej, is the classifier’s batch error (0 < Ej < 1) already
defined in Eq. (1), Ds (0 < Dg < 1) is the ratio between
the number of samples selected to the dictionary () and the
number of training samples Ny, and A is a weighting term
between these two factors (A > 0). If A = 0, the number
of prototypes is not taken into account. By increasing A, the
Jpp index penalizes hyperparameters that lead the algorithm
to build dictionaries with a large number of prototypes. In the
current experiments, A\ was set to 0.5.

It is worth noting that there are two restrictions on the hy-
perparameters choice. Firstly, the minimum number of samples
selected to the dictionary must be greater than the number of
classes of the problem. This restriction prevents hyperparame-
ters’ values that do not allow the addition of prototypes to the
model. Also, the maximum number of samples selected to the
dictionary, in the hyperparameter optimization procedure, must
be less than 50% of the total number of training samples used.
This prevents the choice of hyperparameters’ values that allow

3http://mde-lab.aegean.gr/downloads
“https://doi.org/10.24432/C57C8W

TABLE II
MEAN ACCURACY FOR THE MOTOR FAILURE DATASET

[ SM [ DM | Tlinear | gauss | cauchy | Tog |

62.5% | 03.4L | 97.3% | S6.6%
ALD |1 6.5 1.8 1.5 14.5
S [ T03E | 935E | 974E | 9L4E

47 2.0 1.4 2.4
90.0L [ 03.7L | 98.8% | 92.1%

COH | 1 2.4 1.9 1.3 2.2
S [ 932E | 807 | 99.7E | 920%

19 | 245 | o7 2.4
S93L | 999L | 90.7% | 903%

Nov 1 3.0 0.7 2.8 2.7
S [ S9TE [ 999% | 9L4E | 9L3E

2.5 0.4 3.1 2.6
GI.8L | 92.7% | 96.2% | 93.4%

SUR | 1 6.7 2.0 1.7 1.6
S [ OG5 | 883E | 95.8% | 93.2F

5.6 3.1 1.9 2.0

excessive and, hence, unnecessary insertions of prototypes into
the dictionary.

In the next section, we report the results of comprehensive
computer simulations verifying the classification performance
of the SPARK-KWKNN when applied to the aforementioned
real-world datasets.

VI. RESULTS AND DISCUSSION

The results shown in this section are organized by each
dataset. In the tables presented in the following subsections,
SM and DM stand for, respectively, “Sparsification Method”
and “Design Method”. Also, for all the following experiments,
the feature vectors are normalized to a zero mean and unit
variance, and all models were implemented from scratch using
the MATLAB software, version R2018a, running on Windows
11 Home, installed in a HP notebook with 2.70 GHz Intel Core
i7 processor, 16 GB of RAM.

A. Motor Failure Dataset

The results of the SPARK-KWKNN classifier with the
motor failure dataset are reported in Tables II and III. As
can be seen, the best results were obtained using the novelty
criterion and the Gaussian kernel. The mean accuracy achieved
was 99.9% and it required only 12.5% of the training dataset
samples (44 prototypes from 352 training samples). Also, for
this dataset, the novelty sparsification criterion was the one that
led to high accuracy rates with a low number of prototypes.
Finally, comparing these results with other works, in [20], a
similar mean accuracy was achieved by the LSSVM classifier,
but it needed all the training samples as support vectors.

B. Vertebral Column Dataset

The mean accuracies of the SPARK-KWKNN classifier with
the Vertebral Column dataset are reported in Table IV. The best
results were achieved by using the coherence criterion and
the log kernel. However, 173 prototypes (out of 217 training
samples) were needed. A more balanced result was achieved
by using the coherence criterion and the linear kernel (77.9%



TABLE III
NUMBER OF PROTOTYPES FOR THE MOTOR FAILURE DATASET

[ SM [ DM [ linear | gauss [ cauchy [ log |

ALD 1 7 223 226 281
2 21 221 220 281

COH 1 192 225 225 281
2 188 220 214 281

NOV 1 65 46 79 77
2 80 44 79 71

SUR 1 7 225 113 226
2 14 190 146 242

TABLE IV

MEAN ACCURACY FOR THE VETEBRAL COLUMN DATASET

[ SM [ DM | Tlinear | gauss | cauchy [ log |

G85E | 73.2F | T58L | T08L

ALD |1 7.7 5.9 5.5 44
[ O75E | T65% | TAGE | T9.7E

7.5 5.9 5.9 6.6
T79L | TA7E | T3.3E | 804L

COH | 1 48 47 6.2 32
L [ 05.5% | TL8E | 69.5% | S03%

9.5 5.4 5.2 3.7
TA0L | TT.2L | 765% | 76.6%

Nov | 1 5.1 5.5 6.8 5.2
L [ T0.6E [ T6.3E | TL9E | T0.1E

5.4 6.2 6.6 5.6
67.6L | 72.0F | T98% | 76.4%

SUR | 1 9.2 5.9 35 5.3
S [ 684 [ TLIE | 70.9% | 775%

7.3 6.2 9.5 44

mean accuracy with 39 prototypes). The ROC curve of this
configuration is shown in Figure 1. As can be seen, the curve
indicates that the classifier has a strong ability to distinguish
between the two classes, as it remains close to the top-left
corner of the plot. Comparing these results with other works,
in [21], an accuracy of 85.9% was reported using a SVM with
the KMOD kernel function.
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Fig. 1. ROC of Vertebral Column dataset and SPARK-KWNNN.

TABLE V
MEAN ACCURACY FOR THE PAP-SMEAR DATASET

[ SM [ DM | Tlinear | gauss | cauchy | Tog |
S7.6L | 894E | 83.1L | 903%
ALD |1 5.3 6.1 7.0 12.1
[ S9AE [ S5.6% | S03E | 939E
6.4 69 | 154 | 20
90.4L | 76.6% | 87.9Lf | 92.4%
COH | 1 58 | 208 | 6.0 11
S [ 908E [ 8T.IE | T68E | 903%
5.0 46 8.7 1.2
SI.2L | 86.2% | 849% | 87.1%
Nov 1 8.1 5.5 2.6 43
S [ STRE [ BATE | B14E | S12E
2.9 2.6 29 | 183
92.2% | 5L5E | 91.0F | 62.0%
SUR | 1 32 | 376 12 | 356
S [ 923E [ 904E | 89.2E | TO.IE
26 1.2 44 | 206

C. Pap-smear Dataset

The results of the SPARK-KWKNN classifier with the Pap-
smear dataset are reported in Table V. The best mean accuracy
of 93.9% was obtained using the ALD method and the log
kernel. To achieve this performance, the model needed 18.85%
of the training dataset (89 prototypes out of 475 samples). The
ROC curve of this configuration is shown in Figure 2. As the
curve remains close to the top-left corner of the plot, this
indicates that the classifier has a strong ability to distinguish
between the two classes. Comparing these results with other
works, in [1], the mean accuracy values with all tested models
were below 90%.
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Fig. 2. ROC of Pap-smear dataset and SPARK-KWNNN.

D. Wall-following Dataset

The results of the SPARK-KWKNN classifier with the wall-
following dataset are reported in Tables VI and VII. Using the
surprise criterion and the Cauchy kernel, a mean accuracy of
96.3% was achieved, with only 3.2% of the training dataset



TABLE VI
MEAN ACCURACY FOR THE WALL FOLLOWING DATASET

[ SM [ DM | Tlinecar | gauss | cauchy | Tog |

153% | 933% | 93.0F | 90.7%

ALD 11t 9 | 1 1.1 19.8
L [ 735 [ 953% | 95.2F | 96.0F

5.8 0.9 1.0 1.7

035+ | 04.4% | 93.8F | 96.3%

COH | 1 1.1 0.9 1.0 0.5
L [ 944 [ 952% | 95.1E | 96.3F

0.8 0.9 1.0 0.5

95.0% | 95.1% | 95.2% | 95.3%

Nov 1 0.9 0.8 0.9 1.1
L[ 75.3% [ 630% | 642E | 95.3F

7.9 9.2 9.5 0.9

50.1E | 96.3F | 963 | 96.4%

SUR 111 470 | 05 0.5 0.5
S [ 79.7E [ 961F | 965% | 96.4E

6.2 0.7 0.4 0.6

TABLE VII

NUMBER OF PROTOTYPES FOR THE WALL FOLLOWING DATASET

[ SM [ DM [ linear | gauss [ cauchy [ log |

ALD 1 6 159 174 732
2 12 162 137 732
COH 1 139 158 174 732
2 151 125 152 732
NOV 1 64 74 81 75
2 15 4 4 72
SUR 1 11 171 124 229
2 26 132 634 190

(124 prototypes out of 3819 samples). Comparing these results
with other works, in [23], a mean accuracy of 96.8% was
obtained using a MLP of one hidden layer.

VII. CONCLUSION

In this work, a new framework called SPARK-KWKNN
was proposed for designing sparse kernel prototype-based
classifiers. The experimental results demonstrated that the
algorithm can achieve high mean accuracy while maintaining
sparse models with a low number of prototypes.

An important observation is that increasing the number of
prototypes does not necessarily lead to improved classification
performance. In many cases, the best results were obtained
with configurations that selected significantly fewer proto-
types, emphasizing the importance of effective sparsification
over model complexity.

Furthermore, no single sparsification method or kernel func-
tion consistently outperformed the others across all datasets.
These findings highlight that the effectiveness of this model
depends on the characteristics of the dataset, reinforcing the
need for careful selection of sparsification criteria, kernel
functions, and hyperparameters tailored to each specific task.
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